ON THE NUMBER OF INEQUIVALENT BINARY 
SELF-ORTHOGONAL CODES 



XIANG-DONG HOU 

Abstract. Let „ denote the number of inequivalent binary self-orthogonal 
[n, k] codes. We present a method which allows us to compute „ explicitly 
for a moderate k and an arbitrary n. Included in this paper are explicit 
formulas for 'i/k,n with fc < 5. 



1. Introduction 

Let F2 be the binary field. Throughout the paper, a code is a subspace of 
for some integer n > 0; an [n, k] code is a fc-dimensional subspace of . Let (■, ■) 
denote the usual inner product of F2 . A code C C Fj is called self-orthogonal if 
C C where = {x G F^ : (a;, y) = for all y €C}. The number of [n, k] self- 
orthogonal codes is known. Let ^n,k be the set of all [n, k] self-orthogonal codes. 
Then 

f n,ti(2"+^-^^ -i) . 

— - — ; II n is odd, 

(2"-'= -i)ati' (2-^^-1) 

; II n > 2 IS even, 

n-=i(2^-i) 

see Mac Williams and Sloane P Ch. 19, §6]. 

Let &n be the symmetric group on {1, . . . ,n}. (3„ acts on Fj by permuting 
the coordinates of F2 . Two codes Ci , C2 C F2 are called equivalent if there is a 
cr G &n such that C2 = Cf . Self-orthogonality of codes is preserved under the 
equivalence. Let 'i'k,n be the number of inequivalent [n, k] self-orthogonal codes. 
Unlike |<i>n,fc|, the number ^'fc_„ is much more difficult to compute. In pj, Conway 
and Pless determined ^k,2k for fc < 15 after classifying doubly even [32, 16] codes. 
(Also see ^ for an update on ^'15, 30.) In a recent paper f5', the author considered 
the asymptotic behavior of 'i!k.2k and proved that 

^'fe,2fe --T-(2fc)!2^'^('=-i) asfc-^00, 

where r — n^i(l + 2^-'). However, not much else is known about the number 

The situation described above brings up a basic question: can '^k,n be computed 
explicitly? In this paper, we will see that the answer is "yes" for a moderate k and 
an arbitrary n. 

Our interest in the number '^k,n is motivated by the important role it can play in 
the classification of [n, k] self-orthogonal codes. Without knowing the number 'ifk,n 
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beforehand, the known method to classify [n, k] self-orthogonal codes relies on the 
mass formula. The algorithm of this method is sketched as follows. Assume that a 
list of pairwise inequivalent [n, k] self-orthogonal codes Ci, . . . ,Ct has been found 
and the cardinality of the automorphism group of each Ci has been determined. 
Then 

is the number of [n,k] self-orthogonal codes equivalent to one of Ci,...,Ct. If 
the sum in (jl.ip is < |<I>„,/c|, search for an [n,k] self-orthogonal code Ct+i which 
is inequivalent to all of Ci, . . . ,Ct, and compute |Aut(Ct+i)|. Add Ct+i to the 
list Ci , . . . , Ct and update the sum in (|l.ip . The list Ci, . . . ,Ct is complete when 
the sum in (jl.ip equals |$n.fc|- In fact, Conway, Pless and Sloane's classifications 
of self-orthogonal codes of length up to 30 and doubly even [32, 16] codes were 
obtained using this method [Tl[TOl[Tl]. On the other hand, if the number 'i>k,n is 
known beforehand, the algorithm to classify [n, k] self-orthogonal codes is greatly 
simplified. One only has to find '^k,n pairwise inequivalent [n, k] self-orthogonal 
codes. 

A key step in the computation of '^k,n is to determine the numbers of zeros of 
certain quadratic forms defined on . This requires us to be able to tell the canon- 
ical forms of those quadratic forms. For this purpose, a brief review of canonical 
forms of binary quadratic forms is given in Section 2. In Section 3, we outline the 
method for computing '^k,n- We also prove a few preliminary results to be used 
later. We derive the formula for 'i's^n in Section 4 and the formula for ^'4,„ in 
Section 5. Most of the details of the computations in Sections 4 and 5 are included. 
In Section 6, we give the formula for 5*5. „ but omit the details of the computations. 
It should be clear from the paper that the method works for k beyond the range 
considered here. In Section 7, we give the numerical values of '^k,n for fc < 5 and 
n < 40. 

In our notation, N = {0, 1, 2, . . . }. Mkxn is the set of all fc x n matrices over F2. 
The n X n identity matrix is denoted by /„ or simply / when n is clear from the 
context. l(n) is the 1 x n all one vector. For two matrices A, B, 



A®B 



A 

B 



For each function / : ^ F2, Z{f ) := {x £ F^ : f{x) = 0}. For n e Z, z^(n) is 
the 2-adic order of n. We also define 



if n < 0, 

1 if n > 0. 



6{n) 

A congruence a = b (mod n) is abbreviated as a = (n). 



2. Binary Quadratic Forms 
A quadratic form in n variables over F2 is a function / : Fj ^ F2 of the form 

(2.1) /"(-^l 7 ■ • ■ ) -^n) — ^ ^ O^-ijXiXj , 

i<j 
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where aij G F2. Of course, the quadratic form in can also be written as 



Let 



A, 



{A € Mnxn ■ — A and aU diagonal entries of A are 0}. 



Then there is a bijection between Mnxn/^n and the set of all quadratic forms in n 
variables over F2 : 

A + An < > {Xi, . . . ,Xn)A{xi, . . . ,Xn)'^ ■ 

We say that A is a matrix of the quadratic form (xi, . . . , Xn)A{xi, . . . , Xn)^ ■ 

Let f{xi, . . . , Xn) and g{xi, . . . , Xn) be two quadratic forms over F2 with matrices 
A and B respectively. If f{xi, . . . ,Xn) = g{{xi, . . . ,Xn)Q) for some Q £ GL(n,F2), 
we say that / and g are linearly equivalent and we write f = g. Clearly, f = g \i 
and only if 

(2.2) A = QBQ^ (mod A„) 

for some Q e GL(n,F2). If two matrices A,Bg Mnxn satisfy (|2.2p . we write 
A = B. Therefore, finding the canonical form of a quadratic form under linear 
equivalence is the same as finding the canonical form of its matrix under the equiv- 
alence =. In practice, it is more convenient to work with the matrices than the 
quadratic forms themselves. 

In the following theorem, we collect some well known results on the canonical 
forms and numbers of zeros of binary quadratic forms. 

Theorem 2.1. 

(i) Every A G Mnxn *s — equivalent to exactly one of the following canonical 
forms: 

1 




2r < 



1 




< r < 



2' 



2r < 



1 




1 





1 1 

1 



l<r<-, 
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1 




2r < 



1 




< r < 



n - 1 



0_ 

We say that the matrix A and its corresponding quadratic form f = 
(xi, . . . ,Xn)A{xi, . . . ,XnY are of type (n,r, 0,0) or {n,r, 1,0) or (n,r, 0, 1) 
according to the above three types of canonical forms of A. In a type 
(n, r, u,v), n,r,v & N but u G F2. The type of A or f is denoted by type(A) 
or type(/). 
(ii) We have 



"1 




'l 


0' 


1—^ 











"1 


1 




"0 


1 





1 












1 






1 



"1 


1 






"0 


1 







1 


















1 1 








1 






1 












(iii) //type(Ai) = {ni,ri,Ui,Vi), i ^ 1,2, then 

(2.3) type(Ai ® A2) = (ni + 712, ri + r2, ui + U2, S{vi + V2)). 

(iv) //type(A) — {n,r,u,v) and m > 0, then 

(2.4) type(y4 (g) /„) = type(^^ & ■ ■ ■ ® A) = (mn, mr, mu, S{m)v). 



(v) Let /(xi, . . . , a;„) 6e a quadratic form over ¥2 of type (n, r, u, v). Then 

(2.5) |Z(/)| = 2"-i + (1 - v)(-l)"2"-i-^ 

In Theorem 12. 11 (i) is Dickson's theorem Theorem 199] speciahzed for F2; (ii) 
- (v) can be verified easily; (v) is the main reason that binary quadratic forms are 
used in many areas, see, for example, Dillon and Dobbcrtin 4, Appendix A]. It is 
important to observe that if type(/) — (n,r, 0, 1), \Z{f)\ = 2"^^ is independent of 
r. 

Theorem 2.2. Let N{n, r, u, v) be the number of quadratic forms of type (n, r, u, v) 
in Xi, . . . ,Xn over F2. Then 

n2i' /nn-2r+i i ^ 



A^(n,r,0,l) = 2'^(''+i 



nLi(22'-i) 

T2r 



N{n,rAO) = 2'- -^2^ + 

N{n, r, 1, 0) = 2^'~\2^ - l)}d^^±__Jl, 

Proof. Let Ro{s,n) be the set of all polynomial functions f{xi, . . . ,Xn) from 
to F2 such that deg/ < s and /(O) = 0. Let N{n,r) be the number of elements 
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in i?o(2, n)/i?o(l, n) which are hnearly equivalent to X1X2 + x^Xi + • • • + X2r-iX2r- 
Then 



(2.6) 



' ' ' n[=i(2^^-i) ■ 



(Cf. [91 Ch. 15, Theorem 2] or [3 Lemma 2.2].) With a fixed r (0 < r < [f J), let 

N{n.r){u, v) be the number of g € Ro{l, n) such that 

type(a;iX2 + x^x^ H h X2r-iX2r + g) = {n, r, u, v). 

Write g = biXi + • • ■ + 6„x„. Then 

type(xia;2 + 13X4^ H h X2r-iX27- + g) 

(n, r, 0,1) if (62r+i, • ■ • ,fen) ^ 0, 
(n, r, 0, 0) if (62r+i, • ■ • , &«) = and 6162 + ^3^4 4 
^ (n, r, 1, 0) if (62r+i, . . . , 6„) = and 6162 + hbi 4 

Therefore, 



+ 62r-l&2r = 0, 
+ &2r-l&2r = 1- 



(2.7) 



7V(„,,)(0,l) = 22-(2"-2--l) 
7V(„,,)(0,0) = 22-i + 2'-i, 
[iV(„,,)(l,0) = 22-i-2'-i. 



Since N{n,r,u,v) — N{n,r) ■ N(^n,r){u,v), the conclusion of the theorem follows 
immediately form (|2.6p and (|2.7p . □ 



We can define addition and scalar multiplication for types. Let Ai and A2 be 
square matrices over F2 and let m e N. We define 

type(Ai) ffl type(A2) = type(Ai © A2) 

and 

TO*type(74i) = type(Ai ® • 



1 Ai) = type(Ai ®/„0 = type(Ai) ffl • • • ffl type(Ai 



Then and (|231) become 

(2.8) (ni, ri, ui, wi) ffl (^2, r2, U2, "2) = + "2, '^i + ?'2, + ^2, '^(^'i + "2)) 
and 

(2.9) m * (n, r, u, v) — (rnn, mr, mu, (5(to)u) . 

In the subsequent sections, we will need to determine the number of common 
zeros of several quadratic forms. The following lemma is useful for this purpose. 

Lemma 2.3. Let /i, . . . , be functions from ¥2 to ¥2- Then 

|z(/i)n---nz(/,)| = -2" + ^ J2 |Z(ai/i + ... + a,/,)|. 

(ai,...,ar)eFJ 
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Proof. We have 

(ai,...,ar)eF5 



arfr)\ 



= E 



E 



X6F5 (ai,...,o^)eF5 

oi/i(a;) + ---+ar/r(a:)=0 

= |Z(/i) n • • • n z(/,)| • 2- + (2" - |z(/i) n • • • n z{fr)\)2--' 
= |Z(/i)n---nz(/,)|.2'-i + 2"+'^-i. 

It follows that 

|Z(/i)n---nZ(/,)| = -2" + ^ E |^(ai/i + --- + a,/.)|. 

(ai,...,a,.)eF5 



□ 



3. Outline of the Method and Preliminary Results 



Let 



Skxn = {XG Mfcxn : XX^ = 0}. 

We will treat the elements in the symmetric group 6„ as nxn permutation matrices. 
The group GL(fc,F2) x 6„ acts on Skxn as follows: For A e GL(fc,F2), F G S„ 
and X e Skxn, 

X{A,P) ^ A-ixP. 

Each X E Skxn generates a code (the row space of X) in which is self-orthogonal 
and of dimension < k. Two matrices Xi,X2 G Skxn generate equivalent codes if 
and only if Xi and X2 are in the same GL(fc,F2) x S„-orbit. Let ^<k,n be the 
number of GL(fc, F2) x (3„-orbits in Skxn- Then '^<k,n is the number of inequivalent 
self-orthogonal codes in Fj of dimension < k. Clearly, 



<fe,i 



Therefore, to compute 'i>k,n, it suffices to compute 'i<k,n- We will concentrate on 
'^<k,n in the paper. 

We will need two notions of equivalence between matrices. For Xi,X2 G Mkxn, 
we write Xi « X2 if there exits P G S„ such that Xx = X2P; we write Xi ~ X2 
if there exist A e GL(fc,F2) and P G S„ such that Xi = A-^X2P. 

We first take a moment to determine ^'<o,n, ^<i,ti and ^<2,n- Obviously, 



<0,n 



= 1, 



<l,n 



Proposition 3.1. We have 



(3.1) 



+ 1. 



^ +1 
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Proof. Every matrix in 52 xn is ~ equivalent to a matrix of the form 

a b c 



X. 



a,b,c 



1 ... 1 ••• 1 ••• 1 ••• 



where a,b,c are ah even. Moreover, Xa^b,c Xa\b'.c' if and only if a',b',c' is a 
permutation of a, b, c. Therefore, 

*<2,n = |{(ai,a2,a3) e : < ai < a2 < as, ai + a2 + as < ^}|. 



Let 



A = {(01,02,03) e : fli +02 +03 < -}, 



^123 = {{a, a, a) e A} 



and for i,j G {1, 2, 3}, let 



Aij = {(oi, 02, 03) e A: ai ^ aj}. 



Then 



*<2.„ = IA23I + ^1(^12 U Al3 U ^23) \ A23I + (-4l2 U ^13 U ^23)1 

2 1 1 

= XIA23I + 7:1-412 U ^13 U ^23| + ^\A\. 

By the inclusion-exclusion formula, 

\Al2 U Al3 U ^^231 = 3IA2I - 21^231- 

Hence 
(3.2) 
Clearly, 
(3.3) 



*<2,n = ^|-4l23| + ^|.4i2| + ^|^|. 



IA23I = 



+ 1, 



(3.4) 1^1 = I {(oi, 02, 03, 04) e N'' : oi + 02 + 03 + 04 
and 

i.4i2i = E 1 



LtJ+3' 



2ai+a3<-, 



E E 1 

0<ai<Lfl 0<a3<LfJ-2ai 



(3.5) 



E 

0<ai<lfl 



2ai -I- 1 



n 




n 




2. 




.4. 



J.l). 



Equation p.ip follows from 



□ 
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Unfortunately, the combinatorial method in Proposition 13.11 does not seem to 
have a generalization for 'I'<a;.„ with fc > 3. To compute ^'<fc,n with /c > 3, we 
start afresh with a more algebraic approach. 

By the Burnside lemma, 



(3.6) 



where 



1 



<k,n 



|GL(fc,F2) X S„| 



yl6GL(fc,F2) 

Pee„ 



Fix(A,P) ={XeSky.n'. 

= {X G Mkxn 



XiA,P) = X} 

: AX = XP, XX^ = 0}. 



If G is a group, C{G) denotes a set of representatives of the conjugacy classes of 
G. For g ^ G, cexAcid) denotes the centralizer of g va G. A partition of an integer 
n > is a sequence of nonnegative integers A = (Ai, A2, . . . ) such that X]i>i ^'^i = 



We write A h n to mean that A is a partition of n. For A = (Ai, A2, . 
< a < 6, we define 



.) \- n and 



Aa,6 



E 

;=a(b) 



A,; 



This expression will appear repreatedly in formulas later on. For each X \- n, 
let P\ e &n be the "canonical" permutation of cycle type A. For example, if 
A = (0,2, 1) (- 7, then Pa = (1, 2)(3, 4)(5, 6, 7) as a permutation and 



Pa 



"0 1 







1" 


1 


© 


1 






1 

1 

1 



as a permutation matrix. We can choose C(6„) = {P\ 
(Ai, A2, . . . ) H n, it is well known that 



A h n}. If A = 



|cente„(PA)| = AilAa!- 
Therefore, we can write p.6p as 

1 



j^Ai 2A2 



<k,n 



E 



(3.7) 



AeC(GL(fc,F2)) 

Pec(e„) 



|centGL(fc,F2)(^)l |cent6„(P)| 



|Fix(A,P)| 



E 



|Fix(APA)| 



, |centGL(feF,)(^)l ^ . Ai!A2! ••■ 1^12^2 .. .■ 

AeC(GL(fc,F2)) ' '^i^{i=,if2j\ l\ A=(Ai,A2,... )hn 



In (|3.7p . the elements in C(GL(A:,F2)) are the canonical forms of /c x fc invertible 
matrices and they can be enumerated in terms of their elementary divisors. As 
for |centGL(fe,F2)(^)|j it suffices to assume that all the elementary divisors of A 
are powers of a single irreducible polynomial in F2[a;] since \i A = A\ ® A^, Ai e 
GL(fci,F2), where every elementary divisor of A\ is prime to every elementary 
divisor of Ai^ then 



|centGL(fe,F2)(-4)| |centGL(/ci,F2)(^i)l |centGL(fc2.F2)(-42)|. 
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Theorem 3.2. ([6, Theorem 3.6]) Assume that A is a kx k matrix over ¥q with el- 
ementary divisors f^,..., . . . , . . . , where f £ ^q[x] is irreducible of degree 

Ml A'2 

d. Then 

|centGL(fc,F,)(^)l = J]5<iM.(im+2M2+-+.A..+»M.+i+-) -Q(i _ ^-*). 

i>i j=i 

Now, the only component in (|3.7p that needs to be determined is |Fix(v4, Px)|. 

Theorem 3.3. Let A = (Ai, A2, . . . ) h n and let A e GL(fc,F2) with multiplicative 
order o{A) = t. For each d \ t, let Sd = k — rank(A'^ — /), let Bd G Mkxs^ such that 
its columns form a basis of 



{xe¥^: {A'^ - I)x = 0}, 



an 



d let 



(3.8) 

i>l, v(i)<v(t) 
gcd(i,t)—d 

Then 

(3.9) |Fix(A, Pa)| = 2S-(')>wt) ''scd(.,t)A. . 

where n{A) is the number of sequences of matrices (Yd)d\t with Yd G Mg^xad o^*^ 

(3.10) J2J2^'BdYdYlBj{An^^0. 

d\t 3=0 

Proof. First note that |Fix(yl, Px)| = |Fix(A, P^^)| since Px and P^^ are conju- 
gates. We win compute |Fix(A, P^^)| since the notation is more convenient for 
\Fix{A,P^')\. 

Let X e Mkxn- Then AX ^ XP^^ if and only if 

(3.11) X= [. . . ; xW AxW . . . , A^ . . . ; v4a;l^.\ . . . , A' 



where i > 1 and xf £ Ff with {A' - I)xf = 0, 1 < j < A,. Put di = gcd{i,t). 

Note that a;^*"* , . . . , x^^'^ are in the column space of Bd^ , hence [x^i^ , . • . , xf'] — Bd^Xi 
for some Xi e Mg^. x\i- Therefore we can write (I3.1ip as 

(3.12) X« [...; Bd,X„ABd,X,,...,A'~'Bd,Xf, ...], 

where Xi g Mg^ . x Ai is arbitrary but the equivalence ~ is given by a fixed column 

permutation. Since {A'^^ — I)Bdi = 0, i.e., A'^'^Bd^ — Bd^, we have 

(3.13) 

[ Bd^X,,ABd,X,, . . . , A'-'Bd,X,] « [ Bd,X,,ABd,X,, . . . , A^^-^Bd^X,] ® l(-i). 
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From (|3?T2l) and (jXTS]) . we have 



di-l 



i>l i-0 
i/di odd 

d\t J=0 

where Yd is the concatenation of all Xi with < v{t) and gcd(i,t) = d. Thus 
= if and only if (|3.10p holds. The equation XX^ = imposes no restriction 
on Xi with > v(t) and the number of Xi with v{i) > u(t) is 

25i;„(,)>„(t) 

Therefore, we have 

|Fix(A,P^"^)| ^ 2^>'(.)>wt)^<i.^' . (^^j^j, number of {Yd)d\t satisfying (|TTO| ) 
= 2^-('»''(t) ^''.^^ .n(A). 

□ 

In Theorem 13.31 (equation ()3.9p ). the remaining question is how to compute the 
number n{A). We now set to answer this question. 

Put YdYj = [z\'^'^]saxsa where z['^'' = z^^\ Then each entry of the left side of 

p.lOP is a linear function of zlj \ < i < j < Sd, d \ t. Thus (|3.10p can be written 
as a system of L equations 

(3.14) E E 1<1<L, 

d\t 0<i<j<Sd 

where cf^j € ¥2 are constants. We define cf^j = for i > j and let cl"^"^ — 

['^['^ij]sdxsd- Although the left side of (|3.10p is a symmetric matrix of size k x k, the 
number L of equations in p.l4p is usually much smaller than ifc(fc + 1), as we will 
see in actual computations. 

Write Yd = [yij'']sdxad let Yd be the concatenation of all the rows of Yd, i.e., 



Since 
we have 



Id — [i/ii , • ■ • , yi,Q^7 ■ ■ ■ 1 UsdA^ ■ ■ ■ ' ysd,adl IxisdUd)' 

[i/il I • ■ • 7 ili,ad\ Lwjl ' ■ ■ • ' yj,ad\ ~ '^ij ' 
„id) (d) _ ~ ,„{d) ^ J- s ~T 



E ^,^lf-yd(cr^ic.d)Yi. 

0<i<j<Sd 

Let Yixe be the concatenation of all Yd, d \ t, where 
(3.15) e^J2^dad. 

d\t 

Then (PTil) becomes 

Y^ = 0, I <l <L. 

d\t 



(3.16) y[0(c('^)®/^J 
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The left side of (|3.16p is a quadratic form in Y, which is denoted by fiiY). There- 
fore, 

(3.17) 

n{A) = |z(/i)n---nz(/i)| 

= -2^ + 2-^+1 \Z{aih + --- + aLfL)\ (by Lemma [ 

(ai,...,ai,)GFf 

In (|3.17p . we have 

L 



Ol/l 



ol/l = Y 



d\t 1=1 



Put 



1^ 



d|t i=l 

By TheoremEU |Z(ai/i H + aLfL)\ = \Z{Y€(^au...,aL)Y'^)\ is determined by 

L 



id) 



type(G:(Qi....,ai)) = 3 ttd * typef ^ ajC; 

d|* ;=i 

To sum up, we have the following algorithm for computing n{A). 
Algorithm 3.4 (An algorithm for computing n{A)). 
Step 1. Let YdYj = [z\'P\ and write (j3.10p entry wise, in the form of 



d\t 0<i<j<Sd 



id) Jd) 



l<l< L. 



Record the matrices C, 



id) _ 



-^id)\ 



Step 2. For each (ai, . . . , ol) G ^2 '^'^'^ I determine type(^;^-^ a;C; 
Step 3. For each iai,...,aL) e¥^, put €(^,^^,„^,^) = ©d|t [(Ef=i ai^*''^) ® 
and compute 

L 

type(e:(ai,...,a,.)) = H ad * typef^ ajC;'^''^ 
d|t 1=1 



Find |z(y &2/ dsn). 

Step 4. 5j/ (I5T71) 

(3.18) n{A)^^20 + 2-^+' \ZiY€^a,_a.)Y^)\. 

{ai,...,aL)e¥^ 

When k is small, the above algorithm is effective, as we will see in the following 
examples and in the computations of the subsequent sections. 

Example 3.5. Let A = [" „] ^ GL(2,F2). We determine n{A) by Algorithm 
We have o{A) — 2. Since 



A-I 



1 1 
1 1 



and - / = 0, 
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we have si = 1, S2 



2. We can choose 
Bi = 



B2 — I2 



By 
(3.19) 



and (Pl^ . 

ai = ^ Ai Ai 

i/(i)=0 



"2 = ^ A.J 



Qfi + 2a2. 



Now we are in Step 1 of Algorithm O Put YdYj = ]. Then ((3TT0)) becomes 



.(1) ^(1) 



'11 



'11 



.(1) Ji) 



'11 



'11 



,(2) , (2) 
'11 ^22 





,(2) 
'11 



= 0, 



I.e. 



Thus, L = 2 and 



,(1) 
'11 

,(2) 



.(2) _ 



C« = [1], 
^ = [0], 



In Step 2 of Algorithm 13. 4[ we find that 
type(aiCf^ +02^^'^) = < 



type(aiCf^ +02^^'^) 
In Step 3, we have 
type(G:(ai,a2)) = "1 * type(aiCj^^ 4 
'{0,0,0,0) 



= 0. 

=/2. 

(1,0,0,0) ifai^O, 
(1,0,0,1) ifai = l, 

(2,0,0,0) if 02 = 0, 
(2,0,0,1) if 02 = 1. 



aaC^^O ffl "2 * type(aiCf ^ + a2C^"') 

if (ai,a2) = (0,0), 
if (01,02) = (1,0), 
if (01,02) = (0, 1), 



^(2)^ 



{e,0,0,S{a,)) 
{e,0,0,S{a2)) 



,0,0,(5(ai +02)) if (01,02) = (1,1) 



and 



if (01,02) 
if (01,02) 
if (01,02) 
if (01,02) 



(2-<5(ai))2'^-i 
(2-5(a2))2'^-i 
,(2- J(ai +a2))2^ 
Finally, in Step 4, we arrive at 

n{A) = -2" + 2-1 • 2"-! [8 - S{ai) - 5(03) - 5{ai + 03)] 

By dSH) and (|XTg)) . 



(0,0), 

(1.0) , 
(0,1), 

(1.1) . 



(3.20) 



Fix(Ga,P.)-2^^. 



0''^i.2+2Ao,2— 2 



w>i^» n(A) 

[4 - ,5(Ai,2) - <5(A2,4) - '5(Ai,2 + A2,4)] • 
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Example 3.6. Let ^ = [J i] e GL(2,F2). In this cases, o{A) = 3 and 



is invertible if d = 1, 
==0 if d = 3. 



So, si — 0, S3 — 2, and we can choose 

Si=0, B3=l2- 

(Note: i?i is a 2 X matrix. We denote an n x matrix by 0.) By 
(3.21) 



as = ^ = A3, 6 

i=3 (6) 



With yrfF/ 



(|3.10|) becomes 



-^11 ^ -'12 ^ ^22 



-II ^ ^12 + ^22 



^(3) , (3) (3) _ „ 
^11 ^ -^12 < ^22 ^ ^■ 



Thus, L = 1 and 



We have 



CI 



(3) 



1 1 

1 



type(aiC[ 



(3)^ 



(2,0,0,0) ifai=0, 
(2,1,1,0) ifai = l. 



, ^ , ( M^), l(2«3,0,0,0) ifai=0, 

type(£ai) = aa *type(aiq ') = <.„ 

(2a3,a3,a3,0) if ai = 1 



and 



22"3 if ai = 0, 

22"3-i + (_i)"32"3-i ifa^ = i. 



Therefore, 



n(^) = -2^"-' + 2^"-' + 2^"^"^ + (_i)"32"3-i ^ 22"3-i + (-i)"32"^"^ 
By dSH) and (IM) . 

Fix([;'i],P,) =22^-o<e)^'n(^) 



(3.22) 



For the rest of this section, we cohect a few lemmas which will simplify the 
computation of |Fix(^, Pa)| in many cases. 



Lemma 3.7. We have 

(3.23) |Fix(4,P;,)| =2'=^".^ 
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Proof. Clearly, o(/fe) = 1, si = fc and we can choose Bi = Ik- By (13. 8p . ai 
J2v{i)=o^i ~ '^1.2- Equation p.lOp becomes 



FiFi^ = 0, 



where Yi e Mkxai- The number of such Yi, i.e. n(/fc), is IS'fexaJ- Hence by p.9p . 
|Fix(4,PA)| -2'=2:.(.)>o^M^,^^ I 



□ 



In (|3.23p . [S'fexAi 2I is given by the next lemma. 
Lemma 3.8. We have 



k 



(3.24) \Suxn\= I$n,d2^'('-^) n 

0<!<min{/c,f } j=k-l+l 

Proof. For each < Z < min{fc, |}, let 

-^fexn = e Skxn ■■ rankX = /}. 

Put 

X = {{X, C) : X e S-^'^^, C G $„j, C is the row space of X}. 

Counting the number of elements (X, C) G A" in the order of X, C and in the order 
of C, X, we have 

l^lxnl = I^'mI I{^ e Affex/ : rank^ = /}|. 

In fact, for each X £ there is a unique C £ $„j such that {X,C) G A". On 

the other hand, for each C G with a basis ci, . . . , c/, (X, C) G A" if and only if 

Cl 



Cl 



for some A G Mkxi with rank A = L Thus 

\s'iL\ =|$,u|(2'^-2°)(2'=-2i)...(2'=-2'-i) 

fe 

j=fc-i+l 



It follows that 



IS'fexnl = ^ l-S, 

0</<min{fe,f } 



(0 

fexr 



E i'i>n.d2^'('-^) n (2^ -1)- 

0<Z<min{fe,f} j = k-l + l 



□ 
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We take another look of Lemmas 13.71 and 13.81 Let ai — \i^2- Then IS'fexaJ — 
n(//c) and Lemma 13.81 gives a formula for this number in terms of |$n.i|- However, 
n(/fe) can also be computed directly using Algorithm 13.41 resulting in a formula 
for n(/fe) not involving | We follow the notation of Algorithm 13.41 With 
yiFf = [z^%xk, becomes 



1 < « < j < fc- 



So, L = i/c(fc + 1) and 



1 






1 







1 





(1) 



k(k+l) 










ifc(fc+l) 



As (ai, . . . , aij.(j.+i)) runs through F| 

type(aiCf' + • • ■ + aifc(fe+i)Cifc(fe+i)) = ik,r,u,v) 
where N{k,r,u,v) is given by Theorem 12.21 Thus, 



type(e: 
Therefore, 



(ai,...,ai J 

nka.1 



)) = {kai, rai, uai, 6{ai)v) 



N{k, r, u, v) times, 
N{k, r, u, v) times. 



2fcai ^2-5'^('=+i)+i[ iV(fc,r,0,0)(2'^"i-i +2'^"i-i-™i) 



0<r<f 



7V(fc,r, l,0)(2'="i-i + (_i)"i2'="i-i-™i) 



(3.25) 



J2 Af(A:,r,0,l)(2'^-"i-i + (l-5(ai))2'="i-i 

0<r<-!i^ 

n-:i(2'=-^'-+ 



2fcai 2-^('=+2)('=-l) 



0<r<-| 



nLi(22'-i) 



1)2.-1 



2fcai+r _^ 2'="1-1-™1 (2'' + 1 + (-1)"^ (2'' - 1)) 

+ 2'-+i(2'=-2'^ - l)(2'="i - 5(ai)2'="i-i) . 

Lemma 3.9. Let P e 6„; A G GL(fc,F2) anrf B e GL(/,F2). Assume t/iat the 
characteristic polynomials of A and are relatively prime. Then 



(3.26) 



Fix(A © S, P) = { J : X e Fix(^, P), y e Fix(B, P)}. 
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In particular, 

(3.27) |Fix(A ®B,P)\^ |Fix(^, P) \ |Fix(B, P) \ . 

Proof. It suffices to prove that in (|3.26|) , the right hand side is contained in the left 
hand side. Let X e Fix(^, P) and Y G Fix(B, P). We have XX^ = 0, YY^ = 0, 
and 



'A 




X 




X 


B 




Y 




Y 



(3.28) 
It foUows that 

XY'^ ^ {XP){YPf = {AX)iBYf = AXY^B^, 

A{XY^) = {XY^){B-Y- 
Since the characteristic polynomials of A and (B^^)^ are relatively prime, we 
have XY^ = 0. Thus [y] G S'(fc+;)xr!.j which, combined with (|3.28p . implies that 

[^] e Fix{A®B,p). a 

Corollary 3.10. Let fi, . . . ,ft G ¥2[x] \ {x} be irreducible such that {/i, /* }, . . . , 
{ftift} 'f^G pairwise disjoint, where f* is the reciprocal polynomial of fi. Let A — 
Ai (B ■ ■ ■ (B At € GL(fc,F2), where Ai G GL(A;i,F2) whose elementary divisors are 
powers of fi or f* . Then for each P G 6„, 

t 

\Fix{A,P)\=\{\F\x{A,P)\. 

1=1 

Lemma 3.11. Let f G F2[a;] \ {x} be an irreducible polynomial which is not 
self-reciprocal. Let t be the smallest positive integer such that f \ a;' — 1. Let 
A G GL(fc,F2) have elementary divisors ...,/*,..., and let A = 

Ml Ms 

(Ai, A2, . . . ) \- n. Then 
(3.29) 

|Fix(A,PA)| = \{X G Mfex„ : AX = XP),}\ = 2d<=s/ E,>i A,, E,>i m, mi„{i,2''">}^ 

Proof. Since the characteristic polynomials of A and A^^ are relatively prime, by 
the proof of Lemma [3.91 AX = XP\ implies XX^ = 0. Hence 

Fix(A, Px) = {X G M.xn : AX = XP^}. 

To see the second equality in p.29|) . note from (|3.1ip that 

dim{X G Mkxn ■■ AX = XPx} = XI " ^'^^^ ^ -^)] 

i>i 

By [71 Lemma 5.2 and its proof], we have 

[deg/XAizmin{Z,2''«} if t | z, 
k - rank (A* - I) =^ ^ i>i 

[0 iit\i. 

Therefore, 

dim{X G A4x„ : AX = XPx} = deg / ^ A,* ^ inm{l, 2''(j)}. 
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representative 


elementary divisors 


Icentr"! aw \ { \\ 


Ai = h 


X+l, X +1, x+l 


23 • 3 • 7 


A2 = [1] e 


1 

1 




x+l, [x + lf 


23 


^3 = 


1 

c 

1 1 




1 
1 




{x + 1)3 


2^ 


Ai = [1] ® 


1 

1 1 




X +\, x'^ + x + \ 


3 


A = 


1 

c 

1 1 




1 






X^ + X +1 


7 


A = 


1 

1 

1 1 




x3 + + 1 


7 



□ 



4. Computation of ^ 



<3,n 



Recall that C(GL(fc,F2)) is a set of representatives of the conjugacy classes of 
GL(fc,F2). We let C(GL(3,F2)) = {Ai,...,Aq} where Ai,...,Aq are given in 
Table [H By p.7p . to determine 5'<3.„, it suffices to determine \F\yL{Ai,P\)\ for 
i = 1, . . . , 6 and for all A = (Ai, A2, . . . ) h n. In the following computations, we will 
use the notation of Theorem 13.31 and Algorithm [ 

4.1. Computation of |Fix(Ai, Pa)|- 
By Lemma 1317] and (jX^ . 



|Fix(Al,PA)| = 23^o.^|53xAi,,| 

= 23^«.2 [23^1.2-6^36 - 35(5(Ai,2)) 

4.2. Computation of |Fix(yl2,-PA)|. 
We have 0(^2) = 2. Since 



.)2Ai,2— 6 



7(3+ (-l)-^!.^)]. 



1 1 
1 1 



and 



Ai 



Bo — I?,- 



A2-I^ [0] 
we have si = 2, S2 = 3, and we can choose 

Bi - [1] 
By dSll) and ((3T5)) . 

(4.1) ai = ^ Ai = Ai^2, ^2 = ^ = A2,4, 

v{i)=0 i/(i) = l 



= 2q;i + 3q!2. 
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With YdYj = [z|f ], equation (13^0]) becomes 



,^12 



-'12 
-'22 
-^22 



-^12 
^22 
^22 . 



+ 





+ z. 



,(2) 
'12 
(2) , J2) 



13 



12 



'13 



,(2) 
'12 



+ z. 



(2) (2) 



(2) (2) 



'22 



13 
,(2) 
'33 



(2)- 



12 + ^13 





^22 



Z. 



(2) 
33 . 



0, 



I.e. 



Thus, L — 4: and 



We have 



(1) _ 



c. 



(1) 



(1) 



-^11 — '^on — ^, 



-11 — ^22 

^12 ~^ ^12 ~^ ^13 ~ 
(2) , (2) 
22 "T -533 



0. 



1 



0' 

1 

1 





cf ) = 0, 



) = 0, 



c. 



(2) 



(2) 



1 1 





0' 

1 

1 



'(2,0,0,0) if (01,02,03) = (0,0,0), 

(2,0,0,1) if 03 = 0, (01,02) 7^ (0,0), 

(2,1,0,0) if 03 = 1, (01,02) ^ (1,1), 

.(2,1,1,0) if (01,02,03) - (1,1,1), 



r (3, 0,0,0) if (03,04) = (0,0), 
type(oiCf ) + • • ■ + 04Cf ^) - <^ (3, 0, 0, 1) if (03, 04) = (0, 1), 

[(3,1,0,0) if 03 = 1. 

As (oi, . . . , 04) runs over F|, 
type(e:(ai,...,a4)) 

= ai * type(oiC|^^ + ■ • • + 04Cf ^) ffl 02 * type(aiCf ^ + • ■ • + 046"^^) 

'(61,0,0,0) 1 time, 

{9,0,0, S{a2)) 1 time, 

(6l,0,0,5(ai)) 3 times, 

(0,0,0,^(01+02)) 3 times, 

{9,ai + a2,0,0) 6 times, 

^{9,ai + a2,ai,0) 2 times. 
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Therefore, 



n(A2) 



+ 2^-1 + (1 - 5{a2))2''-^ + 3[2''-i + (1 - 5{ai))2<' 



+ 3[2''-i + (1 - 5{ai + a2))2'>-^] + 6(2^-^ + 2«-i-("i+"^)) 
+ 2[2''-^ + (_i)"i2''-i-("i+"2)] 
= 2^-4 [8 - 3,5(«i) - ,5(a2) - 3(5(ai + aa)] + 2«i+2a.-3(3 ^ 
By dsn and dill) . 

|Fix(A2,PA)| 

= 2^2:.(.)>iA«„(^2) 



■)2Ai.2 +3A2,4 



[8 ~ 35 (Ai,2) - 5 (A2,4) - 35 (Ai,2 + A2,4)] 



4.3. Computation of |Fix(^3,PA)|- 
We have 0(^3) — 4. Since 



^3-/ = 



1 1 

1 1 

1 1 



Al-I = 



1 1 
1 1 
1 1 



At-I = Q, 



we have Si — 1,S2 ~ 2, 54 = 3 and we can choose 





"1" 




"1 


0" 


Bi = 


1 







1 




1 




1 






By (1311) and ({345)1 

(4.2) ai = Ai,2, a2 = A2,4, 



an = A4 



ai + 2(32 + 3a4. 



With YdYj = [zff ], equation (1340]) becomes 



■Ji) Ji) Ji)- 

-'ii ^11 -^11 

Ji) Ji) Ji) 

-'ii ^11 ^11 

Ji) Ji) Ji) 





.(4) , J4) 



'11 



+ Z. 



33 













^11 












.11 


(4) 






11 


4- 











(4) 






11 


4- 





.(2) , J2) 
-'22 





.(2) , J2) 



'11 



+ Z, 



^11 ^ ^33 



22 



0, 



^11 ^ ^22 



-'ll -'22 . 



I.e., 



41^ 



zi?) + z.(^) - 



'11 

,(4) 

'11 



22 ^ 0, 

4^^ = 0. 



20 



XIANG-DONG HOU 



Thus, L = 2 and 



C« = [1], 



(2) 



1 
1 



(1) 



[1], 



c. 



(2) 



(4) 



1 

1 



We have 



type(aiCf ^ + asC^ 



type(aiCf ^ + asC^'O 



(2)^ 



type(aiC^^^ +a2C^^^) 



(1,0,0,0) ifai^aa, 

(1,0,0,1) ifaiy^az, 

[(2,0,0,0) ifai^O, 

[(2,0,0,1) ifai^l, 

[(3,0,0,0) if 02 = 0, 

(3,0,0,1) if 02 = 1, 



type(G:(ai,a2)) 



■(0,0,0,0) if (01,02) = (0,0), 

*,0,0,(5(a2 + a4)) if (oi, 02) = (1, 1), 

),0,0,(5(ai+a2)) if (oi, 02) = (1, 0), 

,(6»,0,0,(5(ai +04)) if (01,02) = (0,1). 



Thus, 



n(A3) 



, 2« + 2-1 [2' + 2«-i + (1 - <5(a2 + ai))2'-^ 
+ 2"'! + (1 - 5{ai + a2))2''-i + 2"-^ + (l - 5{ai + a4))2'' 
= 2^~2 [4 - (5(ai + a2) ~ 6{ai + 04) - 6{a2 + 04)] . 
By dSll) and g21), 

|Fix(A3,PA)| 



= 23 2:.(. 



n(^3) 



4.4. Computation of |Fix(A4,PA)|- 
By Corollary [SUni 

|Fix(A4,PA)| = |Fix([l],PA)| |Fix([° ;],Pa)|, 

where |Fix([° i],Pa)| is given by ([3221) • By Lemma [33 

(4.3) |Fix([l],PA)| =2V=|^ixAi,.| =2^'"-i(2-^(Ai,2)). 

Therefore, 



|Fix(^4,PA)| = 2^'"+2^''-«-2(2-,5(Ai,2)) 22^3-« + (-l) 
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4.5. Computation of |Fix(A5,PA)| and |Fix(yl6, Pa)|. 

The smallest positive integer t such that + x + l | — 1 is 7. By Lemma [3.111 



(4.4) 

In the same way, 



|Fix(A5,PA)| =23^°-^ 
|Fix(A6,PA)| -2^V: 



5. Computation of ^'<4,„ 

We let C(GL(4, F2)) = {Ai,..., Au} where Ai, . . . , A14 are given in Table 2. It 
suffices to determine |Fix(Ai, Pa)| for i = 1, . . . , 14 and for all A = (Ai, A2, . . . ) h n. 
Again, in the following computations, we will use the notation of Theorem [33] and 
Algorithm [Ql 



5.1. Computation of |Fix(Ai,PA)|. 
By Lemma O and ([3^, 



|Fix(Ai,PA 



(5.1) 



24Ao 
^24Ao 

+ 2^^i 



'^4x A1.2 I 
24Ai,2-10 



(436 
1" 35(3 + ( 



4355(Ai,2)) 



(3 + (-l)^-^) 



-)2Ai 2-7 



7(5 + 3(-l) 



A1.2 



5.2. Computation of |Fix(A2,^'A)|. 
We have 0(^2) = 2 and 



Hence si = 3, S2 



A2-I = 

4. We can choose 

Pi = /2 S 



"0 


0' 




'1 1" 










1 1 



Ai-I = 0. 



B2 — I4 



By 1^ and (jHl^ . 

(5.2) ai=Ai,2, 



a2 — A2 



= 3ai + 4q;2 



With FrfF/ 



Mh 



, equation (|3.10p becomes 



.(1) Ji) Ji) Ji)- 



'13 



'13 



,(1) Jl) Jl) Jl) 



'12 



'22 



"-23 



'23 



.(1) Jl) Jl) Jl) 



'13 



'23 



'33 



'33 



Jl) Jl) Jl) Jl) 



'13 



'23 



'33 



'33 



,(2) 
^^13 
,(2) 
'13 






+ 

+ z. 



J2) J2) 



'14 



'23 



(2) J2) 



14 



'23 






+ 

+ z. 



J2) 



,(2) 
'24 
(2) 
24 



Z. 



13 + ^14 
(2) , J2) 
23 ^24 
(2) , ,(2) 



(2) J2) 



33 + ^44 





+ z 



(2)- 



-^23 -^24 



'33 



+ z, 



(2) 
44 . 



= 0, 



Jl) _ Jl) 

-'11 — ^^22 

Jl) , J2) 
13 "T ^13 ' 



z 



-'33 
(2) 
14 - 
(2) _ 
24 " 



,(1) 
'12 



0, 



0, 
0, 



,(2) 
'33 



+ z, 



(2) 
44 



0. 
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Table 2. Information about C(GL(4,F2)) 



representative 


elementary divisors 


IccntnT (AW \{ 11 


Al =74 


x + l, x + 1, x + 1, x + 1 


2** ■ 3^ • 5 ■ 7 


^2 = 72 © 


1 

1 




x + l, x + l, {x+lf 


26-3 


As = [1] © 


] 

( 

1 ] 


L 

) 1 

L 1 




X + \ (x -\- Vi^ 


2^ 


A4 = 72 © 


1 

1 1 




a; + 1, a; + 1, x"^ + x+l 


2-32 


As = [1] © 


1 

1 

1 1 




x + l, x"^ +X + 1 


7 


Ae = [1] © 


1 

1 

1 1 




X + \ + r? + \ 


7 


M = 


1 

1 


© 


] 

1 ( 


L 

) 


{x + lf, {x + lf 


2^-3 


As = 


1 

1 


© 


] 

1 ] 


L 
L 


[x + lf, x^ + x + l 


2-3 


A.= 


1 

1 1 


© 


] 

1 ] 


L 


X^ +X + 1, X^ + X + 1 


22 . 32 . 5 


Aio = 


10 
10 
1 
10 




[x + If 


23 


All = 


10 
10 
1 
10 10 




[x^ +X + If 


22.3 


A12 = 


10 

10 
1 

1111 




x^ +x^ +x'^ +X + 1 


3-5 


Al3 = 


10 
10 
1 
110 




X^ +X + 1 


3-5 


Al4 = 


10 
10 
1 
10 1 




x^ +x^ + 1 


3-5 
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Thus, L = 7 and 



C- 



(1) _ 



a 



(1) 



ci 



(1) 



c 



(1) 



(1) 



a 



c^' = 0, 



10 





0" 

10 



"0 0" 



1 

1 0" 





1" 





"0 0" 

1 





cf) = o, 



c: 



(2) 



) = 0, 



4^) = 



11 







0' 

11 





0" 



10 

1 



Fix (04,05,05,07) G F2 and let (01,02,03) run over Fg. If (04,05,06) = (0,0,0), 



type(oiCf^ + --- + 07C^'^) 



(3,0,0,0) 1 time, 
(3,0,0,1) 7 times. 



If (04,05,06) 7^ (0,0,0), 



type(oiC^'^ + --- + 07C^'^)= < 



(3, 1, 0, 0) 3 times, 
(3,1,1,0) 1 time, 
^ (3, □, 0, 1) 4 times. 



In the above, the symbol □ represents a component of a type which is not needed 
in the subsequent computations. We also have 



type(aiCf) +--- + O7C;"0 



(2)^ 



(4,0,0,0) if (05,06,07)^(0,0,0), 
(4,0,0,1) if (05, 06, 07) = (0,0,1), 
[(4,1,0,0) if (05,06)^(0,0). 
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Therefore, as (ai, . . . , 07) runs over Fj, 



type{€(a,,...,a-r)) 

ai * type(aiC^^^ + • 
,0,0,0) 



arCy-')ma2*type{aiC[ 

1 time, 

I time, 

II times. 



'(2) 



(2)^ 



aiD, 0, (5(ai + Q!2)) 11 times, 

6, ai, 0, 0) 3 times, 

, ai, 0, (5(q!2)) 3 times, 

0,ai+a2,O,O) 22- 32 times, 

', ai, ai, 0) 1 time, 

\ai,ai,S{a2)) 1 time, 

0, ai + a2, ai, 0) 2^ • 3 times, 

9,aiD + a2,0,S{ai)) 2^^ • 3 times. 



By (EUl), 



n{A2 



23ai+4a2-7^24 - ^(aa) - 115(ai) - nS{ai + aa)] 
+ 22"i+4"2-7(3 + (-1)"0 (2 - ^{(^2)) 



By (EH) and (lOD . 



|Fix(A2,PA 

:24S^W>1^' 



23Ai,2+4A.,4-7[24 _ 4) _ lW(Ai,2) " ll-5(Ai,2 + A24)] 

+ 22^i.^+4^^.*-^(3 + (-l)^i-^) (2 - (5(A2,4)) 

+ 22^i.2+3A2.4-5 ^ (-1)^1.2 - 45(Ai,2)] 



5.3. Computation of |Fix(A3, Px)|- 

The data for the matrix are as fohows: 0(^3) = 4, si = 2, S2 — 3, .S4 — 4, 



5i = [1] ® 



, S2 = [1] © 



1 

1 

1 



B4 — I4, 



(5.3) q;i = Ai_2, Q!2 = A2,4, 0:4 = A4_8, 6* = 2ai + 3a2 + 4a4. 
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With YdYj = [z|f ], equation dXTO]) becomes 



^11 

-'12 
''12 



-'12 
(1) 
22 
(1) 
22 
(1) 
22 



z. 



-'12 
(1) 
22 
(1) 
22 
,(1) 
'22 



Z. 



Z. 



(1) 
22 
(1) 
22 
(1) 
22 . 



Z. 



Z 



z. 



-^12 

-^12 
-,(2) 



12 



+ -'13 
1 ^13 
+ ^13 



^12 
(2) 
22 



Z. 



+ Z 



-'13 
(2) 



33 



.(2) 



+ Z. 



(2) 
33 



,(2) 
'12 



+ z(') 
+ ^13 



+ z. 



(2) 
33 



^12 
(2) 



Z. 



22 



,(2) 



+ Z. 



^13 
(2) 
33 



+ ^33^- 



z. 






(4) , J4) 
22 -^44 









,(4) 



(4) 



^22 + ^44 





z 



(4) 
22 



+ Z, 



(4) 
44 



^22 ^ ^44 





0, 



Thus, L = 4 and 



(1) 



(1) 



1 



1 






1 




1 



We have 



,(1) 
'11 
,(1) 

'12 

,(1) 
'22 

,(1) 



= 0, 

+ Z^12 + Z 

-t- Zn<2 -t Z- 



+ + z. 



(2) 
13 
(2) 
33 
(4) 



0, 
0, 
0. 



1 1 



(2) 









1 

1 



cf ^ = 0, 



d^) = 0, 



c: 



(4) 



0, 





10 



1 



type(aiCf) + --- + a4Cf^) 

■ (2, 0, 0, 0) if 02 = 0, (ai, 03, 04) = (0, 0, 0), (0, 1, 1), 

(2, 0, 0, 1) if 02 = 0, (oi, 03, 04) / (0, 0, 0), (0, 1, 1), 

(2,1,1,0) if 02 = 1, (01,03,04) = (1,0,1), (1,1,0), 

. (2, 1, 0, 0) if 02 = 0, (01, 03, 04) ^ (1, 0, 1), (1, 1, 0), 



type(oiC[ 



(2) 



(3,0,0,0) if (02,03) - (0,0), 
+ 04Cf ) = \ (3,0,0,1) if (02,03) - (0,1), 
(3,1,0,0) if 02 = 1, 



type(oiCj^^ + ■ • ■ + a4Cf 



(4)n 



(4,0,0,0) if 04 = 0, 
(4,0,0,1) if 04 = 1. 
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As (oi, . . . , 04) runs over F|, 



type(G:(Qi,...,a4)) 



61,0,0,0) 1 time, 

0,0,0, S{a2 + a4)) 1 time, 

9,0,0, 5{ai)) 1 time, 

0,0,0, S{ai + a4)) 2 times, 

0,0,0, S{ai + a2)) 2 times. 



9, 0, 0, S{ai + a2 + a^)) 1 time, 

9,01 + a2,ai,0) 1 time, 

'),ai + a2,ai,S{a4)) 1 time, 

9, ai + a2,0,0) 3 times, 

'),ai + a2,0,S{a4)) 3 times. 

By dSUl), 

niAs) = 22"i+3"^+4°''-4 _ ^ _ ^(^^^ _ 2d{ai + ^4) - 25(ai + az) 
- <5(ai + a2 + a4)] + 2"i+2"=+4"4-4^3 (_i)"i)(2 - 5{a4)). 
By dSSl) and (jOl) . 

|Fix(^3,i'A)| 

^24Ao,s r22Ai,2+3A.,4+4A4,8-4^g _ ^(^^^^ ^ ^^^^^ _ 

- 2(5(Ai,2 + A4,8) - 25(Ai,2 + A2,4) - (5(Ai,2 + A2.4 + A4,8)] 
^ 2^i.2+2\2A+4^4,s-4(^^ _^ (-1)^1-^) (2 - 5(A4,8)) . 

5.4. Computation of |Fix(yl4,PA)|- 

By Corollary [3ll0l ([j;23l) and jSSSl), we have 

|Fix(^4,PA)| =|Fix(/2,PA)||Fix([; l],Px)\ 

• [22^i'=-3^4 - 35(Ai,2)) + 2^i'^-3(3 + (-1)^^-')] . 

5.5. Computation of |Fix(^5,PA)| and |Fix(A6, Pa)|. 
Write A5 = [1] © C where 



C = 



1 

1 

1 1 



By Corollary [Sini 

|Fix(A,PA)| - |Fix([l],PA)| |Fix(C,PA)|, 
where |Fix([l], Pa)| is given by (|43l) and |Fix(C, Pa)| is given by l[44|) . Hence we 



have 



In the same way. 



|Fix(A, Pa)| = 2^»''+^^"'^-' (2 - (5(Ai,2)) . 



|Fix(^6,PA)| = 2 



oAn,i+3Ao,7 — 1 , 



2-<5(Ai^2)). 
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5.6. Computation of |Fix(A7, Pa)|- 

The data for are as follows: o{Ar) = 2, si = 2, S2 = 4, 



"l 




'l 


1 




1 



(5.4) 

With FrfF/ 



ai = Ai 2, a2 — A2 



= 2ai + 4q;2 



Mh 



equation (|3.10p becomes 



^11 
^11 

^12 
,(1) 



12 



,(1) 
^11 
,(1) 
'11 
,(1) 
'^12 
,(1) 
^12 



-^12 
-'12 
-'22 



z 



2i2 
2l2 
-'22 



(1) Jl) 



22 



'22 



,(2) 
'11 



^22 







z^'^+z^'^ 

-^13 ' ^24 
.^14 + ^23 





.(2) , J2) 



'11 



+ Z, 



22 



.(2) , J2) 



+ Z, 



,(2) 
'13 



23 
(2) 



+ ^24' 



■ ^24 
^23 
''33 ' ^44 



,(2) 
^13 
,(2) 
'14 







z^^' + z^'^l 

-'14 -'23 
-'13 ^ -^24 



J2) , ,(2) 
^33 



+ Z44 ^ 



I.e. 



-'11 




= 0, 




— ^22 




^11 


^ ^22 


= 0, 




^33 


-1- Z44 


= 0, 




-^12 


+ Z;^4 


+ ^23 


= 


-'12 


+ ''13 


-t- Z24 


= 



Thus, L — 6 and 



CI 



(1) 



1 



0' 

1 



cl^) = 0, 



a 



(1) 



(1) 



1 




1 




cf ) = 0, 



cf^ = 0, 



(2) 



a 



G 



(2) 



(2) 



10 

10 





0' 



10 

1 

1 

10 



0_ 

10' 

1 
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We have 



type(aiCi 



(1) 



type(aiC[ 



(2) 



(2,0,0,0) if as = 06, (ai,a2) = (0,0), 

(2,0,0,1) if as = 06, (ai,a2) ^ (0,0), 

(2,1,0,0) if as /ag, (01,02) / (1,1), 

(2,1,1,0) ifas/ae, (ai, 02) = (1, 1), 

(4, 0, 0, 0) if (as, ae) = (0, 0), (03, 04) = (0, 0), 

(4, 0, 0, 1) if (as, ae) = (0, 0), (ag, 04) ^ (0, 0), 

(4,2,0,0) ifas^ae, 

(4, 1, 0, 0) if (as, ae) = (1, 1), (03, 04) 7^ (1, 1), 

(4, 1, 1, 0) if (as, ae) = (1, 1), (03, 04) = (1, 1). 



As (ai, . . . , ae) runs over F2, 



type(€(a 



.)) 



(0,0,0,0) 

(0,0,0,5(^2)) 
(0,02,0,0) 

(0, a2,a2,0) 
(0,O,O,(5(ai)) 



1 time, 
3 times, 
3 times, 
1 time, 
3 times, 



, 0, 0, (5(ai + 02)) 3^ times. 



(0,a2,O,5(ai)) 
(0, a2,a2,<5(Q;i)) 
(0,ai + 2^2,0,0) 



3^ times, 
3 times, 
2^ ■ 3 times, 



By (EUl), 

n{Ar) 



, «! + 2q;2, Qfi, 0) 2 times. 



: 22"i+4«2-6 - 3(5(^2) - 3(5(ai) - 9S{ai + ^2)] 



22ai- 



-3a2 



'(3 + (-1)"^) (4 - 3S{ai)) + 2"i+2"2-3^3 + (-l)"^- 



By dsn and (OD . 

|Fix(yl7,^A)| 

= 2''5:.(.)>i^- n(^7) 



22Ai,2+4A.,4-6 _ 3J(A2 4) - 3(5(Ai,2) - 9,5(Ai,2 + A2,4)] 



+ 22^i.2+3^^'^-6(^3 + (-1)^^'^) (4 - 3(5(Ai,2)) + 2^i'^+2^^-''"^(3 + (-l)^'-') 



5.7. Computation of |Fix(yl8,^'A)|. 

The result follows immediately from Corollary 13.101 and equations (|3.20p and 
(IX^ . We have 

|Fix(As,P,)| ^|Fix([? l],P,)\ |Fix([? l],P^)\ 

• [4 - S{X,,2) - S{\2a) - 5(Ai.2 + A2.4)] [2^^-^^^ + (-1)^^'«2^3.«] . 
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5.8. Computation of |Fix(A9,PA)|. 

We have 0(^9) = 3, si = 0, S3 = 4, Bi = 0, B3 = h and 



(5.5) 

With YdYj 



,(3) 



.(3) 





,(3) , (3) 
^12 ^ ^22 



+ Z. 



,^13 ^ ^14 



(3) 
23 



^24 



0^3 — ^3,6- 

equation (|3.10p becomes 



z 



(3) 



(3) , J3) 
"1" -^22 



11 + ^12 



(3) , J3) 
13 -^23 

^14 ^ ^23 



23 

(3) , J3) 



(3) 



+ Z23 + Z. 



,(3) 
-33 





^34 



^44 



.(3) , J3) 



n3 



+ ZJ4 + z 

.(3) , J3) 
^23 



(3)1 



,(3) , .(3) , ,(3) 
^33 ^ ^34 ^ -'44 



^(3) I ,(3) , ^(3) 

^11 ^ '^12 ^ ^22 

,(3) , ^(3) , (3) 

^33 + ^34 + ^44 
J3) 



0, 
0, 



"14 



+ z, 



(3) 
23 



0, 



J3) . (3) 



'13 



+ z\^ + z. 



(3) 
24 



Thus, L = A and 



As (oi, . . . , 04) runs over F2, 

type(aiCf' + --- + a4Cf^) 



(4,0,0,0) 
(4,1,1,0) 
(4,2,0,0) 





"1 


1 





0" 




"0 








0" 


= 






1 
























1 




1 



























1 




"0 








1" 




"0 





1 


1" 












1 








r-(3) _ 














1 

































1 time, 
5 times, 
10 times. 



'(4a3, 0,0,0) 1 time, 
type(G:( 

ai ,. . . ,a4 

)) = <( (4a3,a3,a3,0) 5 times, 
(4q;3,2q;3,0,0) 10 times. 



By (I3J811 . 



n(A9) = 24"^-* + 23"^-^ 5(-1)"-^ + 22"3-3 5. 

By dSSl) and 

|Fix(yl9,PA)| -24^-o<6,A.^^g) 
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5.9. Computation of |Fix(Aio, -P\)|- 

We have o(Aio) = 4, si = 1, S2 = 2, 54 = 4, 



B^ = 



"1" 




"1 


0" 


1 


, B2 = 





1 


1 


1 





1 







1 



Ba — I A 



(5.6) ai 
With YaTj = [ 



'!^^\, equation (|3.10p becomes 



0L\ + 2a.2 + 4q;4. 



,(1) 
'11 
,(1) 
'11 
,(1) 
-11 
,(1) 
-11 



(1) 


^11 


^11 


11 


(1) 


^11 


^11 


11 


(1) 


-^11 


-^11 


11 


(1) 


^11 


^11 J 


11 



^11 


+ 


-^22 









^11 


+ 


-^22 














^11 


+ 


-^22 









''ll 


+ z 


-^11 


+ 


^22 









-'ll 


+ 


-^22 














^11 


+ 


^22 









^11 


+ z 



(2) 



(2) 



-'ll 
,(4) 



12 



.(4) 



^22 
-^23 



.(4) 



'33 
^34 



+ z(^) 
i- Z44 



+ Z 



(4) 



^34 



.(4) 



(4) 




, J4) 




12 




1" 2:34 - 


V Zj4 


(4) 


' "^(4) ~ 




r ^44 


11 


^ -^33 


(4) 


" ^23 




1- ^14 


12 





.(4) , J4) 



.(4) 



'23 



'34 



+ Z 



.(4) , J4) 



'12 1^ '23 



+ + z. 



'33 

'34 



+ z 





^12 


^ ^23 


+ 234^ 


" '14 


(4) 
14 











(4) 


'12 


" ^23' 


, ^(4) 
+ ^34 ~ 


r ^14 


44 


(4) 


'11 


r '22 


+ ^33 


hz(^) 


14 


r Z44 J 



Thus, L = 3 and 

Cl^^ = [1], 



c: 



(1) 



[1], 



We have 



,(1) 
^11 

,(4) 
^11 
,(1) 
-11 



.(2) 



+ Z 



22 

^12 ^ ^23 



(2) _ 



0, 

33 ^44 

(4) 
34 



c\ 



(2) 



^ = 0, 



(2) 



0, 



4? = ' 



) = 0, 



c. 



(4) 



(4) 



type(aiCi 



(1) 



a2Cf^ +a3Cf^) 



(1,0,0,0) ifai=a3, 
(1,0,0,1) ifaiy^aa, 
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^ ' ^ ^ 1(2,0,0,1) if ai = 1, 



As (a 1, 02, as) runs over Ff, 



•(4,0,0,0) if (02,03) = (0,0), 

(4,1,0,0) if (02,03) = (0,1), 

(4,0,0,1) if (02, 03) = (1,0), 

,(4,1,1,0) if (02, 03) = (1,1). 



type(e:(a 



3)) 



0,0,0,0) 1 time, 

9,0,0, 6{a4)) 1 time, 

9,a4,0,S{a2)) 1 time, 

9,a4,a4,6{a2)) 1 time, 

9,a4,0,S{ai)) 1 time, 

9,a4,a4,S{ai)) 1 time, 

9,0,0, S{ai + a2)) 1 time, 
6*, 0, 0, (5(ai + a2 + a4)) 1 time. 



By dSIHl), 



+ 2"i+2"2+3"4-3(l + (-1)"^) (2 - 6{ai) - S{a2)). 



By dsn and (j^TBD . 



|Fix(Aio,PA)| 



n(A 



10 



i4Ao 



_^ 2^i.2+2A2,4+3A4,8-3^^ _^ (-l)^^.s) (2 - 5{\i,2) - Si\2A)) 



5.10. Computation of |Fix(^ii, Pa)|. 

We have o(Aii) = 6, si — S2 — 0, S3 = 2, sg = 4, 



Bi — B2 — 



1 

1 1 

1 

1 



Br — I4 



and 



(5.7) as = A3,6, ae = A6,i2 9 — 2a^ + 4a6. 
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With YdY^f = [zlf'], equation (faAOj) becomes 





,(3) , ^(3) 
-12 ^ -^22 



,(3) 
-12 



'21 



J3) 



.(3) 



+ z 



(3) 










(3) 






11 




(3) 






11 


r Z22 



(3) 



+ Zi9 + 



^11 -^12 





.(3) 



,(3) 
-11 



,(3) 
22 
,(3) 
22 



'12 ~^ 



-'ll 

-'11 





^12 ^ ^22 
^12 ^ ^22 





.(6) 



(6) 



'12 + ^14 + ^34 
(6) I (6) , (6) (6) (6) (6) 
^11 + ^13 + -^22 + ^24 + -^33 + ^44 



,(6) 
'11 



(6) 
12 





h Z34 


(6) 
12 




h Z34 



-'13 ' ^22 



'24 



(6) 
44 



.(6) , J6) 



z 



(6) , J6) 
22 "T -'24 

(6) _L ,(6) J_ .(6) 
12 



(6) 



'11 + -^13 ~^ ^22 + -^24 ~l" -^33 + ^ 



(6) 

44 



^14 + ^34 





+ Zjg' + Z 



22 



Z. 



(6) 
24 



,(6) 
'12 



+ Z^®^ + Z 



(6) 
34 



,(6) , ^(6) 
'12 + ^14 + -'34 





+ zf +z, 

(6) 



I.e., 



,(3) 
'11 
,(3) 



+ z 



(3) 


^2 






r ^34 


12 




(3) 


' ^22 






hz^'^ 

r -'22 


12 



= 0, 

-I- Z24 



,(6) , J6) 



"-33 



+ = 0. 



So, L — 2 and 



We have 



By dsia, 



CI' 



(3) 



(3) 



1 1 

1 



1 1 

1 



(6) 



(6) 



10 1 



1 



10 10' 

10 1 

10 

1 



type(aiCf ^ + asCf 



(3)^ 



type(aiC^^^ + a2C. 



I (1,0, 0,0) ifai = a2, 

[(1,1,1,0) if 017^02, 

■(4,0,0,0) if (ai,a2) = (0,0), 
(4,2,0,0) if ai 7^02, 
(4,1,1,0) if (ai,a2) = (1,1), 



(6) 



(f?, 0,0,0) if (ai,a2) = (0,0), 

type(e:( 

O-l ,0-2 

)) = < (6*, a3 + 2a6, ^3, 0) if ai ^ 02, 

{9, an, an, Q) if (ai, a2) = (1, 1). 

n(Aii) = 22"3+4q6-2 _|_ 2203+3(16 -2 ^_ 2^ -jae ^ 2"3+2"6-l ^•„2^'ja3 
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By dSll) and flO)) . 

_j_ 22'^3,6 + 3A6,12 — 1 ^ -^^^6,12 _j_ 2^3,6H-2A6^; 



33 



'(-1) 



5.11. Computation of |Fix(Ai2, Pa)|- 
We have 0(^12) = 5, si = 0, S5 = 4, Si = 



i?5 ~ I4 and 



(5.8) as^As^iQ. 
With y^i^J = [Zif], equation ([XTP)) becomes 
















Hz^') 


+ z^'^ - 




Kz^'^ 






-^23 


1-^24 - 


r ^44 






+ 2^22 


h z^') - 


^z(') 


-^12 


1- ^14 


^33 


<^ ^34 


-^12 


1- Zl4 


^ ^22 


^33 


^34 



(5) 
11 


r -'13 


+ -^23 




+ -^24 


r -^44 


(5) 
11 
(5) 
12 


hz*') 

r -^13 
1- ^14 


-^23 
^ ^22 


i- Z24 
^ ^33 


r -^44 
^34 



,(5) , ,(5) 



+ Z 



,(5) , ,(5) 



.(5) 
'22 
,(5) 



,(5) 



14 + ^22 + ^33 + ^34 



(5) (5) 



(5) , .(5) 



+ z; / + Z 



'11 + ^13 ~^ ^23 



(5) , J5) 
24 "T ^44 



,(5) 
'11 



,(5) 





(5) , J5) 



~^ ^13 + Z94 + Z, 



'23 



24 



^44 



,(5) , ,(5) 



+ Z, 



,(5) 
'33 
,(5) 



22 + ^33 + ^34 



22 + ^33 + ^34 



,(5)- 
'34 
,(5) 



, ^(5) , (5) , (5) (5) 
-|- Z]^3 -r ^23 -T -'24 ^44 



I.e. 



,(5) 



.(5) 



'11 + ^13 ~^ ^23 + ^' 



,(5) 



,(5) 
'12 



.(5) 



+ ^14 + ^99 + ^: 



(5) 



22 



(5) 
24 

(5) , ^(5) 

33 Z-iA: 



44 — 0, 

= 0. 



Thus, L = 2 and 



(5) _ 



10 10 

11 



1 



(5) _ 



10 1 

10 

11 





We have 



(4,0,0,0) if (ai,a2) = (0,0), 
(4,2,1,0) if (ai,a2) ^ (0,0), 



type(aiCf) +a2C^'^) : 

f (4^5,0,0,0) if (01,02) = (0,0), 
ypei (ai,a.)J j(4c,5,2a5,a5,0) if (ai, 02) ^ (0, 0). 

By dSIHD, (EH) and ([EHD, 

n(Ai2) = 2*"^-2 22"=-2 3(-l)"% 



|Fix(^i2,PA)| =2 



n(^i2) 



24Ao,io — 2 1^24-^5,10 22'^5,io 2^ 1)"^^' 
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1 



5.12. Computation of |Fix(Ai3, Px)| and |Fix(Ai4,PA) 

The smallest positive integer t such that a;^ + .t 
immediately from Lemma 13.111 that 

2^^0,15 



1 is 15. It follows 



(5.9) 
In the same way, 
(5.10) 



|Fix(^13,PA)| 



|Fix(yli4,PA 



-)4Ao 



6. Computation of ^ 



<5.n 



The group GL(5,F2) has 27 conjugacy classes. A set of representatives, Ai, . . . , 
A27, of the conjugacy classes is given in Tabled In this section, we give explicit 
formulas for |Fix(Ai, Px)|, 1 < i < 27. These formulas are computed by the same 
method in Sections 4 and 5. In many cases, Lemma 13.91 and the results of Sections 
4 and 5 are used. The details of the computations are omitted. 



|Fix(Ai,PA 



l5Ao,: 



-)5Ai,2-15 



(18260 - 18259 (5(Ai,2)) 



+ 2'^^'-^-^^ 155(3 + (-1)^''") + 2^^'-^-^^ 217(5 + 



|Fix(A2,PA)| =2 



5A0.4 



24Ai,2+5A2,4-ii ^200 - 995{Xia) - 99S{Xia + X2a) - 6{X2,i)] 
+ 23^i'^+5^^.''-" 7(3 + (-1)^^'^) (2 - S{X2a)) 
+ 24^i>2+4A2,4-6 21(1 _ ^(Ai,2)) + 2^^'-^+*^^-*-^ 7(3 + (-1)^^'^) 

_^22Ai,2+4A2,4-7 7(^5^3(^_-^<)Ai,2j . 



|Fix(A3,PA)| =2 



oSAo 



23Ai,2+4A2,4+5A4,s-7[24 _ 3S{Xi^2) - 8(5(Ai,2 + A2,4) 

- 3(5(Ai,2 + A2,4 + A4,8) - 85(Ai,2 + A4,8) - ^(A2,4 + A4^8)] 
23^i.^+3^^.^+5^^.B-4 3 [2 _ S{Xi,2) ~ S{Xi,2 + A4,8)] 

_,_ 22Ai,2+4A2,4+5A4,8-7^3 ^ (_l)Ai,2) (2 - S{X2A + Ks)) 
22Ai.2+3A2,4+5A4,8-6 3(-3 ^ (_l)Ai,2) (2 - (5(A43)) . 



|Fix(^4,PA) 










.^23Ai,2-6^3g 


-35(5(Ai,2)) +22^l'^-6 7(3- 


f (-1)^-)]. 


For j = 5, 6, 








|Fix(A„PA)| = 


22Ao,2+3Ao,7 1^2^"^^ 


=-3(4_3J(Al_2)) +2^i'^-3 


(3 + (-l)'^-)]. 
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Table 3. Information about C(GL(5,F2)) 



representative 


elementary divisors 


IcentnT i^v \{ ) 1 


Ai =75 


x + 1, x + 1, x + 1, x + 1, x + 1 


2^" • 32 ■ 5 • 7 • 31 




D 1 
L 




x + 1, x + 1, x + 1, (a; + 1)2 


2^0 • 3 • 7 


4r, Tn ffi 

-rl3 — J-2 ^ 


10 

1 

1 1 1 




r + 1 T + 1 (x + 1)^ 


2'^ ■ 3 


A4 = /3 © 


3 1 
L 1 




x + 1, x+1, x + 1, x^+x+1 


23 • 32 • 7 


A5 = /a © 


1 

1 

1 1 




x + 1, x+1, x^ + X + 1 


2-3-7 


= /2 © 


10 

1 

1 1 




r -\-l T+l T^ + r^ + l 


2 • 3 ■ 7 


Ar = [1] © 


1 

1 


© 


] 

1 ( 


L 

) 


X + 1, (a; + 1)2, (a; + 1)2 


29-3 


As = [1] © 


1 

1 


© 


] 

1 ] 


. 

L 


a; + 1, (x + 1)2, a:2 + a; + 1 


2^ • 3 


Ag = [1] © 


1 

1 1 


© 


] 

1 ] 


L 


a; + 1, a:2 + a; + 1, a;2 + a: + 1 


22 . 32 • 5 


Aw = [1] © 


10 
10 
1 
10 




x + 1, {x + lf 


25 


An = [1] © 


10 
10 
1 
10 10 




x + 1, (x2 + a; + 1)2 


22.3 


A12 = [1] © 


10 

10 
1 

1111 




x + 1, a;^ + a;^ + a;2 + a; + 1 


3-5 


Aw = [1] © 


10 
10 
1 
110 




a; + 1, a:'* + a; + 1 


3-5 


An = [1] © 


10 
10 

1 
10 1 




a: + 1, a:"* +x^ + 1 


3-5 


Aw = 


1 

1 C 


]© 


1 

1 

1 1 1 




(x + lf, (a; + 1)3 


2^ 


Aw = 


1 

1 C 


]© 


1 

1 

1 1 




(a; + 1)2, x^ +X + 1 


2-7 
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Table 3. Continued 



Ayj = 


'0 1 
1 


® 


10 

1 

1 1 




(x + l)2, ar^+ar^ + l 


2-7 


Ax% = 


"0 1 
1 1 




10 

1 

1 1 1 




a;2 + a; + l, (a; + 1)^ 


22.3 


Al9 = 


"0 1 
1 1 




1 

1 

1 1 




+ a; + 1, -\-x-\-\ 


3-7 


-^20 — 


"0 1 
1 1 


© 


10 

1 

1 1 




7.2 _i_ ^ _(_ 1 7.3 1 ^2 1 1 

'Xj I tXJ 1 J- J UU 1 tXJ 1 -L 


3 • 7 


Ai\ = 


10 
n n 1 n n 

u u 1 u u 
1 
1 
110 1 






2" 


^22 = 


10 
n n 1 n n 

1 

1 
10 10 




a;^ + + 1 


31 


A23 = 


10 
10 
1 
1 

10 10 




a;^ + + 1 


31 


A24 = 


10 
10 
1 
1 
11110 




a;^ + a;^ + a;^ + a; + 1 


31 


A25 = 


10 
10 
1 
1 
1110 1 




a;^ + a;^ + a;2 + a; + 1 


31 


^26 = 


10 

10 
1 
1 
110 11 




a;^ + a;" + a;^ + a: + 1 


31 


An = 


10 
10 
1 
1 
10 111 




a;^ + a;^ + a;^ + a;^ + 1 


31 
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|Fix(A7, Pa)| = 25^«'^ ^23^i.2+5A2,4-9 - 7(5(Ai,2) - 69(5(Ai,2 + Ma) - 3(5(A2,4)] 
+ 23^i-=+''^^-*-9 [72 + 8(-l)^^'^ - 7(-l)-^^'''(5(Ai,2) - 69(5(Ai,2)] 
+ 22^i.^+5^^.*-7 3(3 + (-1)^^-=) (1 - (5(A2,4)) 
+ 22^i.=+4-^^.*-7 3(3 + (-1)^^'^) + 23^i-^+3^=-*-2(l - J(Ai,2)) 



|Fix(A8,PA)| =2^^'''*+^^°'<'-^(22^=''« + (-1)^3,62>>3,6-) 

• 22^i.^+3^^>^-4 [8 - 35(Ai,2) - 6{\2,a) - 3<5(Ai,2 + A2,4)] 



|Fix(A9, Pa) I = 2^''.i+4^''>«-4 (2 - ,5(Ai,2)) 

. [24A3,6-i ^ 2^'*'=*'''"^ 5(-l)'^='''' + 2^'^^-'' 5] . 



|Fix(^10,PA)| =25^''-« r22^i.2+3A2,4+5A4,8-5[g _ _ 25{X^^2 + A2,4) 

- 2(5(Ai,2 + A2,4 + A4,8) - (5(Ai,2 + A4,8) - ^(A4,8)] 

_j_ 2^'^1.2+"^A2,4+4A4_8 — 5 _|_ ^_-[^^A4_s^ 

• [4 - 2,S(Ai^2) - <5(Ai,2 + A2,4) - 5{\2a)\ 

+ 2^i,2+2\2,,+^X^,^-'^(^^ _^ (-1)^1'^) (1 - 5(A4,8)) 

_j_ 2Al,2 + 2A2,4+4A4,8— 4^2 _|_ ^ l)^i>2) 



|Fix(Aii,PA)| =2^«.i+^^°.i^-2(2-(5(Ai,2))[22^=*-''+^^'''^=-^ 

_j_ 2^-^3,6+3X6,12 — 1 ^ -j^^ ^6,12 _j_ 2-^3,6+2X6,12 ^ 1^'^^'^ j 



|Fix(y4i2, Pa)| = 2^°'i+^^'''i°-^(2 - ^(Ai,2)) [2^^^'i° + 22^^'i'' 3(-l)^='' 



For j = 13, 14, 

|Fix(^,-,PA)| = 2^''.i+4^<'.i^-i(2-(5(Ai,2)). 
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|Fix(Ai5, Pa)| - 2^^"-' ^2^^^,2+i\2A+5^^.s-G _ siX^^^) - 5<5(Ai,2 + A2,4) 

- 4(5(Ai,2 + A2,4 + A4,8) - 2(5(Al,2 + A4,8) 

- (5(A2^4) - 2J(A2,4 + A4,8)] 

_^ 22Ai,2+3A2,4+5A4,s-6 |-i2 + 4(_1)^2,4 _ 2(-l)^^'M(Ai^2) 

- 4<5(Ai,2) - 5J(Ai^2 + Ks) - (-l)^^-^'5(Ai,2 + A4,8) 

-,5(A4.8)-(-l)^^-^<5(A4.8)] 

_j_ 2-'^i,2+2A2,4+4A4^8— j^_i^Ai 2^ 



For j = 16, 17, 




\Fix{Aj,Px)\ = 2^i'^+2^°-^+3^°'^"2[4- (5(Ai,2) - 


(5(A2,4)-(5(Ai,2+A2,4)]. 


|Fix(^i8 P\)\ 2^'^"''^^^^''^^'^'^^''''^^'^"-'^^^ ^2^^^'^ 


+ (-l)^3.62-^3'6j 


■ [4 - (5(Ai,2 + A2,4) - (^(Ai,2 4 


' A4,8) - (5(A2^4 + A43)] . 


For j = 19, 20, 




|Fix(Aj,PA)| = 22^''-«+3^''-^-i[22^^-« + 


(•_l'jA3,62>'3,6j_ 



|Fix(A2i,PA)l =2^^« 



2Ai,2+2A2,4+4A4,s+5As,i6-3 [4 _ jj-;^^^^ ^ ^^^^-^ 

~ S{\i^2 + A2,4 + A4^8) - <5(A4^8)] 

_j_ 2-^i,2+2A2,4+3A4,s+5As 16 — 3 ^1 ( — l)*^^'^) 

• [2 - (5(Ai,2 + Ag.ie) - S{X2,4 + Ag.ie)] 



For 22 < j < 27, 



\Fiii{Aj,Px)\ = 2^-'''.3i 



7. Numerical Results 

Two tables are included in this section. Table |4] contains the values of 'i'<k,n 
with fc < 5 and n < 40. Table [5] contains the values of 'ifk,n with k and n in the 
same ranges 
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Table 4. Values of ^<k,n, k < 5, n < 40 



n\k 





1 


2 


3 


4 


5 


1 


1 


1 


1 


1 


1 


1 


2 


1 


2 


2 


2 


2 


2 


3 


1 


2 


2 


2 


2 


2 


4 


1 


3 


4 


4 


4 


4 


5 


1 


3 


4 


4 


4 


4 


6 


1 


4 


7 


8 


8 


8 


7 


1 


4 


7 


9 


9 


9 


8 


1 


5 


11 


16 


18 


18 


9 


1 


5 


11 


17 


20 


20 


10 


1 


6 


16 


28 


37 


39 


11 


1 


6 


16 


30 


42 


46 


12 


1 


7 


23 


49 


77 


92 


13 


1 


7 


23 


53 


89 


112 


14 


1 


8 


31 


82 


157 


218 


15 


1 


8 


31 


89 


187 


281 


16 


1 


9 


41 


133 


323 


551 


17 


1 


9 


41 


144 


389 


740 


18 


1 


10 


53 


210 


654 


1,447 


19 


1 


10 


53 


229 


804 


2,059 


20 


1 


11 


67 


325 


1,324 


4,029 


21 


1 


11 


67 


354 


1,651 


6,032 


22 


1 


12 


83 


490 


2,654 


11,774 


23 


1 


12 


83 


534 


3,356 


18,581 


24 


1 


13 


102 


727 


5,291 


36,239 


25 


1 


13 


102 


793 


6,759 


59,798 


26 


1 


14 


123 


1,058 


10,433 


116.020 


27 


1 


14 


123 


1,154 


13,444 


198.489 


28 


1 


15 


147 


1,515 


20,363 


382,272 


29 


1 


15 


147 


1,651 


26,384 


670,031 


30 


1 


16 


174 


2,136 


39,229 


1,276,454 


31 


1 


16 


174 


2,329 


51,025 


2,267,431 


32 


1 


17 


204 


2,972 


74,574 


4,260,828 


33 


1 


17 


204 


3,237 


97,143 


7,596,889 


34 


1 


18 


237 


4,078 


139,660 


14,050,410 


35 


1 


18 


237 


4,439 


181,923 


24,965,555 


36 


1 


19 


274 


5,532 


257,592 


45,384,782 


37 


1 


19 


274 


6,017 


335,029 


79,965,507 


38 


1 


20 


314 


7,418 


467,600 


142,792,476 


39 


1 


20 


314 


8,061 


606,613 


248,697,834 


40 


1 


21 


358 


9,843 


835,392 


497,412,483 
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Table 5. Values of ^k,n, A; < 5, n < 40 



n\k 





1 


2 


3 


4 


5 


1 


1 

















2 


1 


1 














3 


1 


1 














4 


1 


2 


1 











5 


1 


2 


1 











6 


1 


3 


3 


1 








7 


1 


3 


3 


2 








8 


1 


4 


6 


5 


2 





9 


1 


4 


6 


6 


3 





10 


1 


5 


10 


12 


9 


2 


11 


1 


5 


10 


14 


12 


4 


12 


1 


6 


16 


26 


28 


15 


13 


1 


6 


16 


30 


36 


23 


14 


1 


7 


23 


51 


75 


61 


15 


1 


7 


23 


58 


98 


94 


16 


1 


8 


32 


92 


190 


228 


17 


1 


8 


32 


103 


245 


351 


18 


1 


9 


43 


157 


444 


793 


19 


1 


9 


43 


176 


575 


1,255 


20 


1 


10 


56 


258 


999 


2,705 


21 


1 


10 


56 


287 


1,297 


4,381 


22 


1 


11 


71 


407 


2,164 


9,120 


23 


1 


11 


71 


451 


2,822 


15,225 


24 


1 


12 


89 


625 


4,564 


30,948 


25 


1 


12 


89 


691 


5,966 


53,039 


26 


1 


13 


109 


935 


9.375 


105.587 


27 


1 


13 


109 


1,031 


12,290 


183.045 


28 


1 


14 


132 


1,368 


18,848 


361,909 


29 


1 


14 


132 


1,504 


24,733 


643,647 


30 


1 


15 


158 


1,962 


37,093 


1,237,225 


31 


1 


15 


158 


2,155 


48,696 


2,216,406 


32 


1 


16 


187 


2,768 


71,602 


4,186,254 


33 


1 


16 


187 


3,033 


93,906 


7,499,746 


34 


1 


17 


219 


3,841 


135,582 


13,910,750 


35 


1 


17 


219 


4,202 


177,484 


24,783,632 


36 


1 


18 


255 


5,258 


252,060 


45,127,190 


37 


1 


18 


255 


5,743 


329,012 


79,630,478 


38 


1 


19 


294 


7,104 


460,182 


142,324,876 


39 


1 


19 


294 


7,747 


598,552 


248,091,221 


40 


1 


20 


337 


9,485 


825,549 


496,577,091 
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